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Abstract

In recent years, many datasets which need to be analyzed are complicated. Complicated
data structures may arise when the assumptions of the probabilistic structure of the
observations are very general or when some of the observations are not complete. The
goal is to develop statistical theory to overcome these difficulties and to develop a theory

that will ensure reasonable inference.

A common model which assumes a very general probabilistic structure is statistical
classification. In statistical classification, the explaining variable is multi-dimensional and
the dependent variable is binary. The goal is to construct a classifier, which is a function
that classifies a new explanatory point to one of the two values of the dependent variable.
The success of a classifier is commonly measured by its test error which is the probability of
misclassification. Hence, the test error is an important quantity that measures the success
of the classifier. However, inference for the test error is difficult due to the generality of
the model; therefore, even the rate of convergence is unclear. In chapter 2 we propose
inference for the test error which is based on confidence intervals (Cls). We construct
two types of Cls—one is called a naive CI. The naive CI has a relatively simple structure.
The other type is called an adaptive CI. The construction of the adaptive CI is more
complicated and requires gentle arguments in the theory of empirical processes. Our
proposed Cls are based on two common methods—mnormal approximation and empirical

bootstrap.

Another form of complicated data structure is when the data is not complete. Such
a structure is common in survival analysis. In Chapter 3, we consider survival analysis
data. This data arises from screening a medical condition and considers patients who
wait in an emergency department (ED) queue. The observations are distinguished by
three categories. Some patients lose their patience and decide to quit the queue. If a
patient notifies the system that he is leaving, then an exact record of his patience time is
observed; if a patient enters the emergency department, then only a lower bound of his
patience time is observed; if a patient decides the leave the queue but is not notifying the

system, then eventually he will be called to the ED and hence only an upper bound for his
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patience time will be observed. In this scenario, the exact patience time is recorded only
among patients who leave the queue and report it. Despite the fact that for a large portion
of the patients, the patience time is not recorded, in Chapter 3, we propose parametric

and nonparametric estimation methods for the patience time distribution.
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1. Introduction

1.1 The Motivation

The goal of statistics is to analyze data. In recent years, many datasets which need
to be analyzed are complicated. Complicated data structures may arise when handling
big data, i.e., when the number of explaining variables in the dataset is very large, or
when the number of observations is very large. Complicated data structures can also
arise in settings in which some of the observations are not complete. Specifically, exact
information may not be recorded due to missing data, censored data, or when only an
indicator whether an event happened or not at some point in time is given, where the last
type of data is referred to a current status data. Complicated data structures can be found
in biostatistics, bioinformatics, queuing systems, clinical trails, and many more. These
datasets need to be analyzed carefully, which results in the need to develop advanced
statistical tools to address the analysis challenges. Models that are common in analyzing

complicated data structures include machine-learning and nonparametric approaches.

In his seminal paper, Breiman (2001) describes two common cultures in statistical
modeling—the data-modeling culture and the algorithmic-modeling culture. These two
cultures are widely used by analysts of complicated datasets. One culture assumes that the
data are generated by a given stochastic data model; this culture is common in regression
and survival analysis. The other culture uses algorithmic models and treats the data
mechanism as unknown; this culture is common in classification. In the data-modeling
culture, the analysis starts with assuming a stochastic data model, with parameters of
unknown value. The values of the parameters are estimated from the data, and the
model is then used for explanation and prediction. In the algorithmic-modeling culture,
the analyst considers the data-generating mechanism as a black box and treats it as
unknown. Instead, the analyst looks for an algorithm, described by a function f(X), of

the explanatory variable X, which can predict well the response Y.

The algorithmic modeling culture is common when addressing classification problems.

Here, a classification problem is when there is a vector of explanatory variables X which
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can be continuous, and a response variable Y which is categorical. When the response
can take only two values, the problem is referred to as a binary classification problem.
In this problem, the goal of the analyst is to use the observed data in order to construct
a function that will classify a new vector of explanatory variables X to one of the two
possible values of the response variable Y. The obtained function is called a classifier.
A well-known family of classifiers are the kernel-machines algorithms. Kernel-machine
algorithms were introduced by Vapnik (1998), who referred to these algorithms as support
vector machines. More general kernel machines are discussed in Steinwart and Christmann
(2008) and Hofmann et al. (2008). Kernel-machine classifiers can be implemented easily,
have strong generalization abilities, and converge, under some mild conditions, to the
optimal classifier (Steinwart and Christmann, 2008). Here, the optimal classifier, also
known as the Bayes rule, is the classifier that minimizes some asymptotic optimization

problems.

The test error of a given classifier is defined as the probability of missclassification,
i.e., the probability that the classifier fails to classify correctly. For example, consider a
dataset of patients that consists of explaining measurements such as weight, height, blood
pressure, and age, and a binary response variable that indicates whether the patient is
diagnosed with diabetes or not. Given such a dataset, the goal is to construct a classifier
that for any given profile, i.e., a set of the explaining variables, will result in a prediction
of the diagnosis of having diabetes or not. A missclassification occurs when the classifier
classifies a profile as diagnosed where the patient does not have diabetes, or when the
classifier classifies a profile as not diagnosed where the patient has diabetes. Since the
test error is defined as the probability of missclassification, a small test error indicated
that the classifier classifies well. Therefore, the test error is considered as an important
quantity in classification problems, and there is a strong interest in estimating correctly
the test error. A discussion of the problem appears in Chapter 2. Chapter 2 provides
a comprehensive analysis of how to construct confidence intervals for the test error in

kernel-machine algorithms.

So far, a classification problem was discussed that is typically handled using the
algorithmic-culture tools. We now move to discuss a survival analysis problem that is
typically handled using the data-modeling culture tools. Specifically, consider a setting in
which there is an interest of estimating the distribution of a time-to-event variable, but
this variable is not completely observed. For example, some of the observations might be
right censored. Here, right censoring means that some of the time-to-event observations
have only a lower bound on the event time. It is common to refer to this event as a

failure event and to its time as the failure time. In the standard right-censored setting,



1.2 Confidence intervals for the test error

for each patient, one observes either the failure time or the censoring time. Another kind
of survival data format is left-censored data. For this type of data format, for some of the
observations, the failure time is not given, and instead only an upper bound is given.
We consider survival data that combine three types of observations: uncensored,
right-censored, and left-censored data. Our motivation example comes from the need to
estimate the patience of patients who arrive at an emergency department and wait for
treatment. Three categories of patients are observed: those who leave the system and
announce it, and thus their patience time is observed; those who get service and thus
their patience time is right-censored by the waiting time; and those who leave the system
without announcing it. For this third category, the patients’ absence is revealed only when
they are called to service, which is after they have already left; formally, their patience
time is left-censored. Chapter 3 proposes both a semiparametric and a nonparametric
novel estimators for the patience-time distribution, as well as theoretical and numerical
analysis of these estimators. This chapter also presents the analysis of our motivating

example using the two proposed estimators.

1.2 Confidence intervals for the test error

In Chapter 2 we study the properties of the test error for kernel machines in the setting of
binary classification. In a binary classification setting, one observes a dataset that consists
of multi-dimensional explanatory variables and a binary response. A classifier is a function
that labels a new vector of explanatory variables to one of the two response values. For a
given classifier, the test error is the probability of missclassification. Therefore, the test
error measures the classifier successes, and hence it is important to estimate its value.
Due to its structure, it is difficult to provide a point estimator for the test error; instead
it is common to construct a confidence interval for this quantity?.

More specifically, consider the following statistical classification problem where the
observed data consist of {(X1,Y),...,(X,,Y,)} such that the explanatory variable X is
multi-dimensional and typically continuous, while the response variable Y gets the values
—1 and 1. A classifier ]?is a function which for every explanatory variable X returns a real

~

value f(X), classified according to its sign. It follows that the event of missclassification is
{Yf(X ) < 0}. By definition, a kernel-machine classifier is the minimizer of a regularized
empirical risk over a reproducing kernel Hilbert space (RKHS) of functions. The size of
the RKHS affects whether the method is parametric or nonparametric. Finite-dimensional
functional spaces results in a parametric setting, whereas infinite-dimensional spaces re-

sults in a nonparametric setting. Here, we allow these kernel machines to be defined with
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respect to an infinite-dimensional RKHS.

The test error of a classifier fis the probability that the function missclassifies. For-
mally, it is defined as the expectation of the indicator 1{Y]/t\(X ) < 0} given the sample
{(X1, Y1), ..., (X,,Y,)}. Estimation methods of the test error are usually based on resam-
pling techniques, such as leave-one-out or k-fold cross-validation. Previous works have
shown that test error estimators are plagued by bias and high variance across training sets
and consequently the test error is accepted to be a difficult quantity to estimate (Isaksson
et al., 2008; Zhang, 1995; Hastie et al., 2009). The reason for this problematic behavior
is that the test error is the expectation of the non-smooth function 1{Yf(X ) < 0}.

In Chapter 2 we propose two methods for constructing confidence intervals for the test
error in general infinite-dimensional RKHS settings. The idea is to replace the indicator
function 1{t < 0} by smooth functions. For the first method we choose functions that
approximate 1{t < 0} from above and below, such that their empirical mean over Y]/”\(X )
converges with a root-n rate to Gaussian variables. This allows us to construct conser-
vative confidence intervals using both Gaussian approximation and empirical bootstrap.
While this construction is simple, and results in asymptotically conservative confidence
intervals, the length of these intervals may not converge to zero with sample size.

To overcome this problem, we propose a second method for constructing confidence
intervals. In this method, we replace the fixed functions that approximate 1{t < 0} by
two sequences of functions that converge to the indicator function 1{t <0} from below
and from above. Based on the setting proposed by Hable (2012), and using empirical
process theory (Kosorok, 2008; van der Vaart, 2000), we are able to construct conservative
confidence intervals with length converging to zero, using both Gaussian approximation

and empirical bootstrap.

1.3 Self-reporting and screening

In Chapter 3 we study the estimation of failure time distribution where failure times
can be either observed directly, right-censored, or left-censored. The motivating example
is estimating the patience of patients who wait for treatment in an emergency depart-
ment (ED). Each patient has its (virtual) waiting time for service and patience time.
Here, the waiting time is the time passed until the patient is called to enter for treatment,
while the patience time is the time passed in the queue until the patient loses patience and
decides to quit the queue. Estimating the patience-time distribution is of importance, as
the decision of patients to leave the system before being served may have a strong effect

on their physical well-being.



1.3 Self-reporting and screening

The scenario described above leads to three categories of patients. The first category
consists of patients who get service. For a patient in this category, the waiting time
is given while only a lower bound on patience time is given, namely the waiting time.
Therefore, in this category, the patience time is right-censored by the waiting time while
the waiting time is fully observed. The second category comprises those who leave the
system and announce it. For patients in this category, their patience time is given, while
their waiting time is known to exceed the patience time. Thus, their patience time is
observed while the waiting time is right-censored. The third category consists of patients
who leave the system without announcing it; their absence is hence revealed only when
they are called to service, which is after they have already left. In this case their waiting
time is observed, while only an upper bound on their patience time is given, i.e., it is
left-censored.

Summarizing, in the ED setting, the patience time is either exactly observed for the
second category; or right-censored for the first category; or left-censored for the third
category. Since the patience time may follow three types of observations, estimating it
is challenging. On the other hand, the waiting time is either exactly observed or right-
censored; hence, estimating it can be done using classical survival analysis methodology.

In Chapter 3 we propose novel parametric and nonparametric estimators for the dis-
tribution function of the patience time using this three-category survival data. We then
study their rates of convergence. The parametric estimator is based on both full and
partial likelihoods. We provide conditions under which the parametric estimator is a
linear asymptotic normal (LAN) estimator and converges to a normal distribution in a
root-n rate. The nonparametric estimator is based on nonparametric kernel estimators
for density functions and on a novel estimator of the cumulative probability function that
has some similarities to the Nelson—Aalen estimator (e.g., Klein and Moeschberger, 2013,
Chapter 4). We show, under some regularity conditions, that the nonparametric esti-
mator point-wise converges to the normal distribution. We study, using simulation, the
properties of both the parametric and nonparametric estimators. We then carry out a
case study that is based on data of patients waiting for treatment in an ED, in the U.S.
in 2008. We analyzed separately different severity levels. We conclude with a comparison
of the parametric and nonparametric estimators for the three different severity levels of
this dataset.
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In statistical learning, the successes of classifiers is commonly measured
by the test error which is the misclassification probability. Therefore, it is
of an interest to construct a high quality estimator for the test error. In this
paper we consider the test error of general kernel-machine classifiers. Infer-
ence for kernel-machine classifiers, and more specifically, for the test error
of these classifiers, is difficult since even the rate of convergence is unclear.
We propose confidence intervals which are asymptotically correct. The pro-
posed confidence intervals are constructed by two different approaches. The
first approach is based on converging to a normal distribution approximation

and the second is based on empirical bootstrap.

1. Introduction. Consider the following statistical classification problem. We observe
{(X1,Y1),...,(Xn,Yy)} such that the explanatory variable X is multidimensional and typically
continuous, while the response variable Y gets the values —1 and 1. A classifier fis a function

~

wherein every explanatory variable X returns a real value f(X) which is classified according to
its sign. It follows that the event of misclassification is {Y f(X) < 0}. In this work we consider
classifiers from the kernel-machine family which are a family of classification algorithms (Vapnik,
1998; Steinwart and Christmann, 2008). Kernel-machine classifiers can be implemented easily,
have a strong generalization ability, and converge, under some conditions, to the optimal classifier
(Steinwart and Christmann, 2008). By definition, a kernel-machine classifier is the minimizer of
a regularized empirical risk over a reproducing kernel Hilbert space (RKHS) of functions. The

size of the RKHS affects whether the method is parametric or nonparametric. Finite-dimensional

functional spaces results in a parametric setting whereas infinite-dimensional spaces results in a

Keywords and phrases: Classification, Kernel-machine classifier, Reproducing kernel Hilbert space, Empirical pro-

cesses, Confidence intervals, Gaussian process, Bootstrap



nonparametric setting.

The test error of a classifier fis the probability that the function misclassifies. Formally, it is de-
fined as the expectation of the indicator 1 {Yf(X) < 0} given the sample {(X1,Y7), ..., (Xpn, Yo)}.
Estimation methods of the test error are usually based on resampling techniques such as leave-one-
out or k-fold cross-validation. Efron (1983) suggested bootstrap estimates of the test error and later
refinements were given by Efron and Tibshirani (1995, 1997). There have been a number of simu-
lation studies comparing these approaches; some references include Efron (1983); Chernick et al.
(1985); Kohavi (1995); Krzanowski and Hand (1997). A nice survey of estimators is given by
Schiavo and Hand (2000). Previous works have shown that test error estimators are plagued by
bias and high variance across training sets and consequently the test error is accepted as a dif-
ficult quantity to estimate (Isaksson et al., 2008; Zhang, 1995; Hastie et al., 2009). The reason
for this problematic behavior is that the test error is the expectation of the non-smooth function
1 { YF(X) <0 } .

Instead of point estimation, one can consider a confidence interval. Previous works on confi-
dence intervals for the test error considered only parametric settings. Laber and Murphy (2012)
propose confidence intervals for linear classifiers. Jiang et al. (2008) propose confidence intervals
for finite-dimensional RKHSs. Both use the fact that in their settings the derived classifiers have
the property that the empirical mean of 1{Yf(X ) < O} converges with a root-n rate. In a gen-
eral infinite-dimensional RKHS, the empirical mean of 1 {Yf(X ) < O} may not converge with a
root-n rate and therefore similar techniques to those used by Laber and Murphy (2012) and Jiang
et al. (2008) cannot be applied.

In this work we propose two methods to construct confidence intervals for the test error for
general infinite-dimensional RKHS settings. The idea is to replace the indicator function 1{t < 0}
by smooth functions 4~ and h™ such that A~ (t) < 1{t < 0} < h™"(t). For the first method, we
choose b~ and h* such that the empirical mean of A~ (Y f(X)) and A (Y f(X)) converge with
a root-n rate to Gaussian variables. This allows us to construct conservative confidence intervals
using both Gaussian approximation and empirical bootstrap. While this construction is simple, and
results in asymptotically conservative confidence intervals, the length of these confidence intervals
may not converge to zero when the sample size grows.

To overcome this problem, we propose a second method for constructing confidence intervals.

In this method, we replace the fixed functions 7~ and h™ with sequences of functions {%,, } and

9



{h;"} such that {h, } is a pointwise increasing sequence that converges to the indicator function
1;<o from below, and {Ah;! } is a pointwise decreasing sequence defined similarly. However, since
the classifier f and the sequences {h;, } and {h;} are changing with n, it is challenging to find
conditions ensuring that the empirical means of h (Y f(X)) and ht (Y f(X)) converge with a
root-n rate to Gaussian variables. Based on the setting proposed by Hable (2012), and using em-
pirical process theory (Kosorok, 2008; van der Vaart, 2000), we develop conditions which ensure
such a convergence. These conditions enable the construction of conservative confidence intervals
with a length converging to zero, using both Gaussian approximation and empirical bootstrap.
The paper is organized as follows. In Section 2 we present kernel-machines classifiers. Confi-
dence intervals based on the first method are presented in Section 3. Confidence intervals based
on the second method are presented in Section 4. Simulation studies are given in Section 5. Con-

cluding remarks are given in Section 6.

2. Preliminaries. Assume that the observed data D := {(X1,Y7),..., (X, Yy)}, are i.i.d.
following a common distribution P where the explaining variable X € X, X C R? is compact,
the response Y gets the values {—1,1}. The data set D is used in order to construct a classifier
which is a function f: X — R, such that f(x) classifies a new explanatory value according to
sign f(z) where signf(z) = 1if f(z) > 0. In this case z is classified to 1 and signf(z) = —1 if
f(a:) < 05 in this case z is classified to —1.

The test error of a classifier f is defined by T(f) = Pl{signf(X ) # Y}, where, for a gen-
eral measurable function g : X x {—1,1} — R, Pg(X,Y) is the expectation of the function
g, ie, Pg(X,Y) = [g(x,y)dP(x,y). Hence, the test error is the probability of misclassifi-
cation and therefore a small test error indicates a good classifier. We assume that Pr(]?(X ) =
0) = 0; therefore the event of misclassification is {Yf(X ) <0} and the test error is T(f) =
P1{Yf(X) < 0}.

The kernel-machine classifier belongs to an RKHS. The RKHS 7 is a space of functions from
X to R and is defined by a kernel function k& : X x X —— R (Steinwart and Christmann, 2008,
Chapter 4). Under some conditions, an RKHS is dense in the space C'(X) which is the space of all
the continuous functions from X’ to R. A loss function is a function L : {—1,1} x R — [0, c0).

The risk of a given function f € H with respect to a loss function L is defined by R(f) =
PL(Y, f(X)). The empirical risk is P, L(Y, (X)), where IP,, is the empirical measure, i.e., for a

10



measurable function g : X x {—1,1} — R,
1 n
Prg(X,Y) =~ Zlg(Xi, Yi).
1=
The kernel-machine classifier is the minimizer of the regularized empirical risk

0 Fox = argmm{M(Y,f(X)) +An\|f|r%}-
fer

The first term in (1) is the empirical risk and the second term penalizes the complexity of f
in order to avoid overfitting. The regularization parameter )\, is a positive real number usually

chosen by cross validation.
3. Naive Confidence Intervals.

3.1. Normal approximation. For a general measurable function g : X x {—1,1} — R, de-

note the following

The central limit theorem (CLT) ensures that G, g(X,Y") ~ N(0, V;), where ~ denotes con-
vergence in distribution and V/ is the variance of g(X,Y"). This convergence allows a construction

of a CI for the unknown deterministic term Pg(X,Y").

IV, [V,
Png(va) - ;gzl—%a Png(XaY) + Zgzl—%

is a confidence interval for Pg(X,Y’) with an asymptotic confidence level of 1 — «, where

More precisely,

XA/g =P,¢*(X,Y) - P2g(X,Y) and Zy—g is the 1 — § quantile of the standard normal distri-
bution.

When g, : X x {—1,1} —— R is a function that depends on the sampled data, the CLT
does not hold. Hence, the asymptotic convergence of G,,g,(X,Y") to a normal distribution may

not hold. Here in the definition of G,,g,,(X,Y") the term Pg,(X,Y) is defined as Pg,(X,Y) =

J Gn(x,y)dP(z,y). Our interest is to construct a CI for the test error T(fDV)\n) =P1 {YfA’D’,\n (X) <

Note that 1{Y]?D7 A (X) < O} depends on the sampled data, so according to the last comment,
the standard CLT may not hold.

The following theorem is from Bolthausen et al. (2002, Theorem 6.15, Chapter 6.4) and gives
conditions in which a convergence of G,,g,(X,Y’) to a normal distribution holds where g, is a

given function that depends on the sampled data.

11
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LEMMA 1. Let g, : X — R be a function that depends on the sampled data such that

i) Pr(gn € F) — 1 fora P-Donsker class F

ii) P(gn — g0)? — 0 in probability for some gy € Lo(P)

Then Gy, (gn — 90)(X,Y) ~~ 0.

The proof is in Bolthausen et al. (2002, Theorem 6.15, Chapter 6.4)

This lemma gives conditions in which G, (g, — g0)(X,Y") ~» 0. Since
Gngn(X,Y) = Gn(gn — 90)(X,Y) + Gngo(X,Y)

and since by the CLT G,,go(X,Y") ~» N(0, V), by the Slutsky theorem (Kosorok, 2008, Theo-
rem 7.15) it follows that G,, g, ~> N (0, V).

Our interest is in constructing a CI to the quantity Pl{YfD, A, (X) < O}. Since the functional
1¢<o is not continuous the first condition in Lemma 1 does not hold. In order to apply Lemma 1 to
our setting, we need to replace the function 1;<o by a smooth function.

The following theorem is based on Lemma 1.

THEOREM 1. Consider a setting in which \,, — Ao > 0, then for any given function h : R —

R which is a Lipschitz continuous and bounded function,

(2) Gnl(fp, (X)) ~ N0, Vigy p+(x)))»

where

3) f* = argmin PL(Y, (X)) + Xollf|3-
fen

The proof of the theorem is based on the following lemmas

LEMMA 2. Let By(H) be the open unit ball of the RKHS H. Then, there exists a constant
¢ > 0 such that the classifier ]?belongs to B.(H) = ¢ - B1(H) with probability 1.

PROOF. The SVM classifier is defined as
Fo, = argmin {P, L(Y, (X)) + Aol fII3,}-
feH
Therefore,

) P L(Y, fpan (X)) + Aall o ||%Lls2 P, L(Y,0) + A [ 0[13,.



From the inequality in (4) we have
Mllfoa B < Bal(Y, o (X)) + Aall ol < PaL(Y,0) + Aa |03 = BoL(Y,0) < M

where M = min{L(—1,0), L(1,0)}. It follows from the inequalities in (4) that
HJ?D,AHHH < \/@ Therefore, for m = inf{ g, A1, Ao, ...} then ||fD7/\n|| < 1/%. Hence, for any

¢ > /M, we obtain fD’,\n € B.(H) as desired. O

LEMMA 3. The function ny )\, converges weakly to f* where J?D7 A, and f* are defined in 1

and 3 respectively.
PROOF. Let F C H be aclosed ball. Let M,, : F — R be defined by

My(f) := —(PuL(Y, £(X)) + Al £113,)-

By the definition of the SVM classifier in 1 we have that Mn(fa,\n) > supser Mn(f).
For M : F +— R defined as M(f) := —(PL(Y, f(X)) + Xo|| f||3,) it follows that f* is
the unique maximizer of M. Since F is a closed ball, the sequence J?D, ), together with f* are

uniformly tight. Note that

Mo (f) = M(f) = (P = Ba)L(Y, f(X)) + (Ao — Xa) [ 15

Since F is a closed ball and A, — Ao, sup se 7(Ao — M) f[13, — 0.

Since F is a P-Donsker class (Kosorok, 2008) and L is a convex function and thus a continuous
function, L o F' = {L o f|f € F} is a Glivenko-Cantelli class (Kosorok, 2008, Corollary 9.27).
Therefore supscr | (P — Pp)L(Y, f(X)) |= 0. It follows that M,, ~» M from the Argmax

theorem (Kosorok, 2008, Theorem 14.1), fD, A, ~ [ as desired.

LEMMA 4. If h is Lipschitz continuous and bounded, then P* (h(fD)\n) — h(f*)) = 0.

PROOF. Because h is continuous, then due to Lemma 3 and the Slutsky theorem, we have that
h(fA’D’)\n) — h(f*) — 0 in probability; since h is bounded, then P? (h(fAD’)\n) — h(f*)) = 0, by

the bounded convergence theorem, as desired O

LEMMA 5. [f h is Lipschitz continuous and bounded, then h(fD’ An) — h(f*) belongs to a

P-Donsker class.

13



PROOF. According to Steinwart and Christmann (2008, Corollary 4.36) and Kosorok (2008,
Theorem 9.19) B;(H), a closed ball in an RKHS is a P-Donsker class and since a composition of
a Lipschitz continuous and bounded function with a P-Donsker is a P-Donsker class (Kosorok,
2008, Corollary 9.32), then h(fD, A, ) belongs to a P-Donsker class. Since h(f*) is deterministic,
then h(fA’D7 A,) — h(f*) belongs to a P-Donsker class, as desired O

Lemmas 4 and 5 show that the two conditions in Lemma 1 hold. Therefore, we conclude that
Gulh(Fp.a, (X)) = h(f*(X))] ~ 0.
Similar arguments show that
Gulh(=Fp 2, (X)) = (=f*(X)] ~~ 0.
From this we conclude that
Gl (Y Fp0, (X)) = h(Y f*(X))] =~ 0

which completes the proof of Theorem 1.

From Theorem 1 we have the following conclusion

CONCLUSION 2. Let fD,An be a kernel classifier over an RKHS and let h : R — R be a

Lipschitz continuous and bounded function. Then

N N Zy_a [ «

5 Pr <Ph(fD’)\n(X>Y) < Pnh(fD’)\n(X)Y) — \/ﬁz \/:) = 5 + O(l)
-~ ~ Z e ~ o

©  Pr(Ph(Fon (X0Y) > P (o, (X)Y) 4 =2 T) = § o+ ol)

where Zl_% is the 1 — 5 quantile of the standard normal distribution.

Our interest is a CI to the quantity P1 {v Foa, (X) <o}’ Since the functional 1;<¢ is not continu-
ous, a construction for P1 (v Foan (X) <o}> as stated in Conclusion 2, does not hold. Instead, take
any two functions h*, A~ : R — R which are Lipschitz continuous and bounded with the property

that
h™ (t) < 1{t§0} < h+(t).
Then, by definition,

) P (Forn(X)Y) < Pliyr - oy < P (Fon, (V).
14



By Conclusion 2

~ ~

® P (Fon (V) — | 22y, Rt (Fon (X)) +

n Zlf%

n
is a conservative CI for the test error with an asymptotic confidence level of 1 — a.

The length of the CI given in (15) is

~ ~ Zi_a = =
Po |BF (For, (X)) = B (o, (X)Y)] + \1/5 (\/ Ut —/ Vh)
which converges to P [hJr (f*(X)Y) —h~ (f*(X)Y)]. Therefore, the length of the CI given in

(15) does not necessarily converge to zero.

3.2. Empirical Bootstrap. Another common method to construct a CI for a deterministic
quantity Pg is by using the empirical bootstrap process. The empirical bootstrap process, indexed

by g, is defined as follows
GYg(X,Y) = V(P — Pa)g(X,Y),

where, for a measurable function g : X x {—1,1} — R, the empirical bootstrap mean is defined

as

1 n
POg(v, X) ==Y Wnig(Xi,Y;
w9V, X) n;ﬂ 9(Xi, i)

where

11 1
(Wnl, Wha, ooy W,m) ~ Multinomial (n; — = ey )
n'n n

According to (Kosorok, 2008, theorem 10.4), G 9(X,Y) and G,g(X,Y) converge to the

same limit. Therefore, let Dy , be a consistent estimator to the ¢ percentile of G%b) 9(X,Y). Then

1/7\9717g Z/)\gag
9 P,g(Y, X) — 2 Pg(Y,X)— 22|,
©) 9(Y, X) N 9(Y, X) \/ﬁ}

is a CI to the quantity Pg with an asymptotic confidence level of 1 — «. As seen in Chapter
3.1, since the test error is a random quantity, the CI given in (9) does not necessarily hold when
plugging in a random function g,,. The next lemma gives a condition in which a plugging in a

random function g to (9) results with a CI to Py in a confidence level of 1 — c.

LEMMA 6. Let g, : X — R be a function that depends on the sampled data such that



i) Pr(gn, € F) — 1 fora P-Donsker class F

ii) P(gn — go)? — 0 in probability for some go € Lo(P)
Then G (g, — go)(X,Y) ~ 0.

The proof of this lemma is similar to that of Lemma 1.

By Lemma 6 we have that

~

Pu+,g

Vn

Pr-1-g ~
——=2  P,A" XY

is a conservative CI for the test error where pj,— ;_qo is the 1 — § quantile of G;b)h_ (YfD, An (X))

(10) Poh™ (fo, (X)Y) —

2

and pj,+ o is the § quantile of GVh* (YfDAn (X)).

4. Adaptive Confidence Intervals. The aim of this section is to construct confidence inter-
vals for the kernel classifier’s test error with asymptotic (1 — a/)100% confidence level. However,
such a construction is challenging since the test error is an expectation of the non-continuous func-
tion 1{¢ < 0} where t = YfD, An (X). The idea is to replace the construction of the naive method,
given in Section 3, by taking sequences of smooth functions that converge to the function 1{t < 0}
as the sample size grows. In order to keep a P-Donsker structure, delicate arguments are given,
discussing the assumptions on the smoothness and the rate of convergence of the functions in the
sequence. Let {h,,}5°_; and {h,}, }>°_, be sequences of functions from R to R with the following

properties:

i) Forallt € R, h,(t) < 1{t <0} < h(t).

ii) Forallt € R, both i, (t) and A, (t) converge pointwise to the function 1{t < 0} as m — oo.

Let {h;,}>°_, be a general sequence of functions which satisfies hy,(t) — 1{t < 0} as m —

0o, specifically h° can be either A~ or h*. By equation (5), for any fixed m,
(11) Guhs, (Yo (X))~ N (0,Vag, (Y (X)) -
n—oo
By the dominant convergence theorem,
(12) N (0, Vi, (Yf7(X))) ~ N (0, PI{Yf(X) < 0}(1 - PH{Y f*(X)} <0)).
Therefore, we would like to find a sequence {m,, } > ; with m,, — oo, such that

(13)  Gahjy, (YFoo (X))~ N(0,PLYF(X) < 0}(1 - PL{Y " (X)} £0).
16



We assume the following

(A1) The kernel k has 4 + 1 derivatives.
(A2) The loss function is a convex locally-Lipschitz continuous function satisfying L(y,0) < 1.
(A3) X C R%is bounded and convex with nonempty interior.

(A4) A\, — Ao > 0.

In the following, we present conditions on the sequence {m,,}°°; which ensures that both
{hyn, Yoo, and {h}, 192 satisfy (13). Using this result we will be able to prove the following

theorem.

THEOREM 3. Let my, = o(n®), where 0 < & < 71, s(d) = [“42] + 1, and let Assumptions
(Al)-(A4) hold. Define the following functions from R to R,

tZS(d)

1
g(t) = 5 eXP <_1—z§25@> 1{Jt] <1},

g(t) ift >0,

(14) h(t)

by, (t) = h(mpt 4+ 1) and hf, (t) = h(mnt — 1). Then, the normal-approximation-based CI

mMn

~

— 7 ?hfn + (7 Vit
(15) Pohy,, (for (X)Y) — —2Zy g, Pahg, (fo2,(X)Y) + — g
and the empirical-bootstrap-based CI
~ ﬁh— 1—a ~ ﬁh-*- o
16 Pph.. X)Yy)-—"-2— 2 P,hf X)Y Tnz
(16) |: Mn (nyAn( ) ) \/’ﬁ ) Mn (fD7>\n( ) ) + \/ﬁ :|

are both confidence intervals for the test error with an asymptotic confidence level of (1 —

@)100%.

The proof of the theorem is based on the following lemmas. First we prove the theorem for the

confidence interval in (15).

LEMMA 7. Let assumptions (Al)-(A4) hold. Let B1(#H) be the open unit ball of the RKHS H.

Then, for any 0 < € < %

(17 Pr <n%_€(fD’)\ — f*) S Bl(H)> — 1.

n—00

17



PROOF. By the proof of Theorem 6.24 in Steinwart and Christmann (2008), for any 7 > 0,

1., =~ " _ 1_ 2T 1 4r _
(18)  Pr (HW “(foa = )= XLy n2 E(\/n+\/;+ ?m)) <e .

Set 7 = 7, = n®; then the inequality given in (18) is
1 e/ *
(19) Pr(nz*(fo = f*)ll= an) < ba,

where a,, = )‘_1|L|>r% 1(\/§n_% +n "+ %n_%) and b, = ¢~ . Note that a,, — 0 and b,, — 0;
therefore by (19), Pr (Hn%_a(fDA — x> 1) — 0. Hence,
Pr (n%fs(fpﬂ\ —f) e Bl(H)> — 1, as desired. O

We shall define a class of bounded smooth functions on X C R¢ as follows. For any vector
k = (ki,...,kq) of non-negative integers, define the differential operator D* = ﬁ,
T, ", 0Ty

where |k| = ki + ... + kq. For any z € R, let | x| be the largest integer j < z. Let f : X — R

and «« > 0; define the norm

|D*f(x) — D" f(a')]
(20) flla := max sup|DFf(z)]+ max sup .
171 k:‘klﬂahex\ ()| NN N o] P T

When k = 0 we set D¥ f = f. Now, let C4;(X) be the set of all continuous functions f : X — R
with || f||o < M. By Kosorok (2008, Theorem 9.19), if ¥ C R? is bounded and convex with a
nonempty interior and o > ¢, then the class of functions C;(X) is a P-Donsker class.

Let C'(X) be the class of all the continuous functions from X" to R. For a class of functions
F C C(X), and differential function h : R — R, and given constants m > 1, s > 1, and ¢ € R,

define Hy, s p 1 F X F = C(X) as

Mmfroomatd g,

Hmsch(g,f) =
Y hD (mf+c) _
s f=y.

LEMMA 8. Leth : R +— R be such that h has s+ 1 derivatives that are all uniformly bounded
by a constant M, and let F C Cfu()( ). Then, there is a constant M, , independent of m, such that

the class of functions
H}',S,C,h = {Hm,s,c,h(ga f)|m > laf?g € f}
is a sub-class oij\SZ(X).

PROOF. Clearly, since a change in scale does not affect the boundaries of a function, it is

sufficient to prove the lemma where ¢ = 0, i.e., for Hr ;o . We will prove the case in which F
8



is a class of functions from X C R to R, similar arguments hold when X C R?. For any integer

j > 0, we use the notation h7)(y) = de h(y) and fU)(z) = Tf(x),g(j) (x) = %g(m). Note

that

! Ld h(tmf + (1 —t)mg) h(mf) h(m )
m M (tm —t)m =/ —
/0 R (tmf + (1 — t)mg)dt /0 p = dt = —

Hence, the [-th derivative of W is by the Faa di Bruno formula

d" h(mf) — h(mg)
dx! f—g

1 dl 1
= m/0 @h( )(tmf + (1 — t)mg)dt

::N

1
= m/ l! H n;!(j1)") ~Hp ”l)(tmf +(1- t)mg) [tmfU) + (1 — t)mgW]™ dt
0

<.
Il
—

[t tfU) 4 (1— t)g(j)]"fmnidt

::N

= m/1 “Z (H n;! (1))~ Lt (tmf+ (1 - t)mg)
0 e

<.
I
—

EN

!
=m /01 1y (H gl (1)) " g (g g (1 - t)mg) 159+ =g de

—_

<.

[tfO) 4+ (1 —t)gW | de

::N

/ Z'Z Hn I(yhH" mAtrtompdtnite ”l)(tmf—i—(l—t)mg)

1

J

where the sum is taken over all [-tuples of non-negative integers (n1, no, ..., n;) satisfying the

constraint 1 - nq + 2 - ng + - -- + [ - n; = [ under this constraint ny + no + - - - n; < l. Therefore,

dﬁlw\<ml“Mm”Z(H 1 13(51)") 7. Define

l
M= M (™)~
i > ([T

Then, forany 1 <1 < s,

< M.

d' h(mf) - h(mg)‘
dz! m9+1(f g)

Hence,

H}',S,O,h = {Hm,s,O,h(ga f)‘m > 1’ fag € F}
is a sub-class of CJ%(X ). Therefore, for any ¢ € R,

H]—',s,qh = {Hm,&c,h(ga f)|m > 17 fvg € ]:}

is a sub-class of C%_(X) as desired O
M 19



LEMMA 9. Forany x € R, let [x] be the smallest integer j > x. Let Assumptions (Al)-(A3)
hold, and assume that h° has [%1 derivatives all bounded by constant M. Let m,, = nﬁfs,
where 0 < & < ﬁlg. Then, for any constant c, the random function h° (my f + ¢) — h°(ma f* + c)

belongs to a P-Donsker class with probability converging to 1.

PROOF. Write

21

ho(mnf) - ho(mnf*) _ h (mnflr;;i)l(;?h_ (fT;f + C)

-mSH(F — f)

Dn:mn : En:m'rw

where s = ¢EL. By definition and by Lemma 7, the term D, ,,,, = h O(m"fn +i)1_(;i(fm;f “+o)

to functions class Hr 55 where F = B.(H). According to Steinwart and Christmann (2008,

belongs

Corollary 4.36), there exists a bound M such B.(#) belongs to C{,(X). Hence, by Lemma 8,
there exists a bound M such that the function class H Be(#),s,h 18 contained in 0;7(?( ). Since that
s = % > %, by Kosorok (2008, Theorem 9.19), we have that Cf\“j(x ) is a P-Donsker class. The

term B, ,,, equals mS™(f — f*), since

d+1 d+3

il g 443 1. d+3 1_

mz+1 =my? =m,? = (nd+3 6) 2 =n2 ¢

where ¢/ = #5. Since 0 < € < ﬁ we have 0 < ¢’ < % Hence, according to Lemma 7, E,, 1,

belongs to B; (H) with probability converging to 1 which is a P-Donsker class as discussed before.
By Kosorok (2008, Corollary 9.32) a product of two uniformly bounded P-Donsker classes is a

P-Donsker class, and hence the random function
ho(maf + ¢) = B (maf* + )
belongs to a P-Donsker class with probability converging to 1 as desired. O

LEMMA 10. Let {hy, }>2, be a sequence of functions which satisfies hy, (t) — 1{t < 0}

as n — oo. Then the convergence in (13) occurs if and only if

(22) Apimn = Gu (B8, (Y fop, (X)) — hS,, (Y F5(X))) ~ 0.

20



PROOF. Note that
G (M, (Y Fo 00 (X)) =G (i, (Y FD 20 (X) = b5, (Y (X))
+ G (hy,, (Y F(X) = L{(Y f*(X)) < 0})
+ G {(Y f*(X)) < 0}
=Anm, + Bum, +Chn.
Clearly,

(23) Cr, ~ N (0, PL{Y f*(X) < 0}(1 — P1{Y f*(X)} < 0)).

Since f* is a deterministic function, then by the dominant convergence theorem, B,, ,,,, ~~0. There-

fore (13) holds if and only if A,, ,,, 7 0. 1
n oo

LEMMA 11. Let Assumptions (Al)-(A3) hold, and let m,, = nﬁ_g where 0 < € < %H' Let

hy,. () = h®(mnt + c), where c is some constant, such that

1 ift>0,
lim h°(mpt) =
oo —1 ift<0

and h° have [%} derivatives, all bounded by a constant M. Then,

24)  Gu(h°(mnY fpr, (X)) +¢) ~ N (0, PL{Y f*(X) < 0}(1 = P1{Y f*(X)} < 0)).
PROOF. We will prove that

25)  Gu(h*(mnfpa,(X) +¢) ~ N (0, PL{f*(X) < 0}(1 — P1{f*(X)} <0)).

Similar arguments hold when Y = —1. By Lemma 10, it is sufficient to prove that

6) Gu (i fo.0, (X) + €)= B (ma f*(X) +¢) ) = 0.

To prove the convergence in 26 it is sufficient to show that the conditions in Lemma 1 hold.
Clearly, since h° is bounded and ho(mnfp,,\n (X)+c¢) = h°(myf*(X)+c) ~ 0 then the second
condition of Lemma 1 holds. By Lemma 9, also the first condition of Lemma 1 holds. Conse-

quently,
Q27 Gu(h°(mnY fp, (X) +¢) ~ N (0, PL{Y f*(X) < 0}(1 — P1{Y f*(X)} < 0))

as desired. ]
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LEMMA 12. Let f(t) = exp (= tzs)l{\t\ < 1}. Then, forany 1 <1 <2s—1
lim fO#) =1limf® ) = fO(0) = 0.
t——1 t—1

PROOF. For any function of the form exp(r(t)), we have by the Faa di Bruno formula:

l

l
08) :;lexp(r(t)):exp(r(t))znj e | GO

where the sum is taken over all [-tuples of non-negative integers (ni,ng, ...,n;) satisfying the
constraint 1 -m; +2-nog+--- +1-n;=1.

By its definition f(t) = § exp(r(t))1{|t| < 1} where r(t) = Therefore, by (28)

1 t23'

H(N NML{|t| < 1}

29 & t) = d 1 t)) = L t
@ ot = Gz ) = 5o ) X n],]m] 11

where the sum is taken over all [-tuples of non-negative integers (n1,ng,...,n;) satisfying the

constraint 1-n1+2-ngo+- - - +1-n; = [. Recall that r(t) = and note that forany 1 <[ < 2s—1,

1 t2s

we have (#25)(1) = ¢25—1 H;_:lo (25— 7). Then, by elementary derivative rules it follows that for any

1 <1< 2s—1,one can write 7V (t) = (1p’§§)s), where p; is a polynomial satisfying p;(0) = 0, and

thus g()(0) = 0. On the other hand, r) (¢) = (1plt(§)s)l = pl(t)[_tg(f)]l; clearly tl_l)r{l_ expr(t) =0

and hm expr(t) = 0. Therefore, hm rl(t) expr(t) = 0 and lim+rl (t)expr(t) = 0 which
-1 —1- t——1

ylelds that lim f(¢) = lim ) (t) = 0, as desired. O
t——1 t—1

LEMMA 13. The function h defined in (14) satisfies the following properties
(i)

1 ift>0,
lim h(m,t) =
n—oo

~1 ift<0.

(i) h has [“2) derivatives all bounded by a constant M.

PROOF. (i) By definition

. 1 tQS(d)
g(t) = F P 1@ 1{|t] <1},

g(t) ift >0,

—g(t) ift<o.
22



For any {m,,}>2, with m,, — oo, we have that for all t # 0, lim g(myt) = 0. Therefore,
n—oo
for any t > 0, li_>m h(mpt) = li_>m g(myt) = 0, and for any ¢ < 0, lim A(m,t) =
n—oo n—oo n—oo
1-— nh_}rglo (myt) = 1.
(i1) Clearly, by (28), all the derivatives of the function g are bounded. Using again (28), we have
that the limit at zero for all the [%1 is the same for both g and 1 — g, which concludes the

proof.

O

The proof of Theorem 3 for the confidence interval in (15) is now followed by defining h~ (m,t)
h(myut+ 1) and h*(m,t) = h(m,t — 1) and applying Lemmas 11 and 13. The proof for the em-

pirical bootstrap CI which is presented in (16) follows similarly using Lemmas 9 and 6.

5. Empirical study. In this section we check the performance of the naive and adaptive con-
fidence intervals discussed in Sections 3 and 4, respectively. We checked three different classifi-
cation settings. For each setting, sample sizes of 100, 200, 400, and 800 were considered. Both
normal approximation and empirical bootstrap CIs with a confidence level of 95% were calculated.
We also approximated the true test error of a given classifier by constructing a new independent
data of 10, 000 observations. We then calculated the empirical mean of misclassification. For each
setting and sample size, we repeated the simulation 400 times. Each empirical bootstrap CI was
calculated with 800 bootstrap resamples. In our simulated settings we used the square loss function
L(y,t) = (y — t)? and a Gaussian kernel.

The data generating mechanism for the three settings includes a vector of covariates X =
(X1, X9, ..., Xq) where X; ~ Uniform(0, 5) are i.i.d, and noise ¢ ~ N (0, 1) which is independent
of the vector X. The response vector in the first setting is similar to that of Laber and Murphy
(2012) and is given by Y = sign(Xa — %X 21+ %s), The distribution of the response in the

second setting is
Y =sign(X; — 2.3X5 + 1.25X3 + X4 X5 — 1.5X3 + X7/Xg + 0.3¢) .
Finally, the distribution of the response in the third setting is
Y = sign(X; — 2X5 + 0.8X35 + 2X4 X5 — Xg + 0.6¢) .

Table 1 shows the resulting coverage of this study. The results are for using the naive CIs and

adaptive CIs with a confidence level of 95%; each method was checked on the naive normal and
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TABLE 1
The coverage of the four methods for Settings 1-3.

Setting 1
N  Naive Normal Naive Bootstrap  Adaptive Normal  Adaptive Bootstrap
100 0.98 0.9775 0.97 0.965
200 0.9925 0.9875 0.9675 0.965
400 0.985 0.985 0.9625 0.965
800 0.98 0.975 0.96 0.9575
Setting 2
N  Naive Normal Naive Bootstrap  Adaptive Normal  Adaptive Bootstrap
100 0.995 0.995 0.975 0.9725
200 0.9975 0.995 0.955 0.9475
400 1 1 0.965 0.9625
800 1 1 0.955 0.955
Setting 3
N  Naive Normal Naive Bootstrap ~ Adaptive Normal  Adaptive Bootstrap
100 0.99 0.99 0.955 0.95
200 0.9975 0.9975 0.955 0.9475
400 1 0.9975 0.96 0.955
800 1 1 0.9525 0.9475

naive bootstrap methods along with the adaptive normal and adaptive bootstrap methods. Figure 1

shows the length of Cls using all four methods.

Setting 1 Setting 2 Setting 3

o Method
E Naive Normal
° ‘ Naive Bootstrap

Length

- By (Tl S

100 200 400 800 100 200 400 800 100 200 400 800
SampleSize

FIG 1. Boxplots of the length of the confidence intervals of Settings 1-3.

Motivated by the empirical study given in Laber and Murphy (2012), we evaluate the proposed
methodology on four datasets taken from the UCI machine learning repository'. For each of the
datasets the CIs were constructed for three different sample sizes 30, 100, and 250. For each
dataset, and each sample size, a random sample from the original dataset was drawn. A classifier
was constructed based on the drawn sampled data. Normal approximation and empirical bootstrap

CIs with a confidence level of 95% were calculated using both the naive and adaptive approaches.

'www.ics.uci.edu/ mlearn/MLRepository.html
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TABLE 2
The coverage of the four methods for the datasets Heart, lon, Liver, and Spam.

Heart
N Naive Normal  Naive Bootstrap ~ Adaptive Normal  Adaptive Bootstrap
30 0.975 0.9675 0.945 0.945
100 0.9625 0.955 0.9425 0.94
250 0.975 0.965 0.975 0.965
Ion
N Naive Normal Naive Bootstrap  Adaptive Normal  Adaptive Bootstrap
30 0.9825 0.96 0.9525 0.9425
100 0.9675 0.9625 0.9475 0.9425
250 1 0.9975 0.9625 0.93
Liver
N  Naive Normal Naive Bootstrap ~ Adaptive Normal  Adaptive Bootstrap
30 0.985 0.98 0.9525 0.9575
100 0.9725 0.9725 0.96 0.96
250 0.97 0.97 0.9525 0.9325
Spam
N  Naive Normal Naive Bootstrap ~ Adaptive Normal  Adaptive Bootstrap
30 0.9575 0.9575 0.9575 0.9575
100 0.975 0.97 0.9675 0.96
250 0.975 0.975 0.955 0.95

The true test error was approximated using the observations from the original dataset, as the em-
pirical misclassification rate. The process was repeated 400 times. Table 2 and Figure 2 show the
coverage and CIs’ length, respectively for the four datasets. The heart data set consists 296 obser-
vations, the ion data set consists 351 observations, the liver data set consists 345 observations and
the spam data set consists 4601 observations.

As can be seen, from both the simulation study and the empirical study, the coverage of the
adaptive ClIs is very close to the confidence level (of 95%). The naive CIs resulted in more con-
servative coverage than the adaptive CI and with longer confidence intervals. There is no major

difference between the Cls based on normal approximation and CIs based on empirical bootstrap.

6. Concluding remarks. In this work we addressed the challenge of estimating the test error
of a classifier which belongs to an infinite-dimensional RKHS. The test error was not estimated
directly and instead we constructed CIs for the test error. We proposed two approaches for estimat-
ing the CIs, namely, the naive approach and the adaptive approach. For each approach, estimation
of the CI was done using both normal approximation and empirical bootstrap methods. The sim-
ulation comparing the naive and the adaptive methods showed that the adaptive method achieves
a good coverage level while the naive method results in more conservative CIs. The challenge of

constructing these ClIs has led to a theoretical understanding in various fields about the conver-
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gence of empirical processes that are indexed by a class of functions belonging to RKHS which

can be used in future research.

In this paper we estimated the test error which is the probability of the classifier’s misclassifica-

tion over all the sample space. Future research includes estimating the probability of misclassifi-

cation over a subset S C X'. When the the subset S is a specific point, this quantity is interesting,

since the obtained confidence interval for the test error is actually a confidence interval for point

estimation. Other subsets of interest are subsets in which the classifier is likely to classify well or

to be unreliable.
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We consider survival data that combine three types of observa-
tions: uncensored, right-censored, and left-censored. Such data arises
from screening a medical condition, in situations where self-detection
arises naturally. Our goal is to estimate the failure-time distribu-
tion, based on these three observation types. We propose a novel
methodology for distribution estimation using both parametric and
nonparametric techniques. We then evaluate the performance of these
estimators via simulated data. Finally, as a case study, we estimate
the patience of patients who arrive at an emergency department and
wait for treatment. Three categories of patients are observed: those
who leave the system and announce it, and thus their patience time
is observed; those who get service and thus their patience time is
right-censored by the waiting time; and those who leave the system
without announcing it. For this third category, the patients’ absence
is revealed only when they are called to service, which is after they
have already left; formally, their patience time is left-censored. Other

applications of our proposed methodology are discussed.

1. Introduction. We study the estimation of failure time distribution where the fail-
ure times can be either observed directly, or be right-censored or left-censored. This type of
survival data arises, for example, in estimation of time to the appearance of a medical con-

dition where characteristic symptoms may or may not appear when the condition exists.

Keywords and phrases: Current status data, Left and Right-censoring, Nonparametric estimation, Sur-

vival analysis, Left without being seen
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Specific medical settings include relapse in childhood brain tumors, which may be observed
due to clinical symptoms, or right-censored due to periodic screening with negative result
(no tumor), or left-censored due to periodic screening with a positive result (Minn et al.,
2001). Another medical setting is melanoma cancer, which is observed if self-detected, or
is right censored due to a negative screening (no melanoma), or left-censored if it goes
undetected until screening. Additional examples can be found in Whitehead (1989).

The motivating example for this work comes from estimating customer patience in
service system which, as discussed by Mandelbaum and Zeltyn (2007), is a challenging
problem. In our study, we focus on patients who wait for treatment in an emergency
department (ED). Three categories of patients are observed. The first category consists
of patients who get service and thus their patience time is right-censored by the waiting
time. The second category comprises those who leave the system and announce it, and
thus their patience time is observed while the waiting time is right-censored. The third
category consists of patients who leave the system without announcing it; their absence is
hence revealed only when they are called to service, which is after they have already left;
formally, their patience time is left-censored.

Estimating the patience time is of importance as the decision of patients to leave the
system before getting served might have a strong effect on their physical well-being. There
has been considerable research on the reasons why patients leave an ED before being
served; see Baker et al. (1991), Hunt et al. (2006), Bolandifar et al. (2014), and Batt and
Terwiesch (2015). However, these and other authors have not proposed a model by which
ED patience time - namely the duration that a potential patient is willing to wait for ED
service - can be estimated, and this is our goal here.

We propose novel parametric and nonparametric estimators of the unknown survival
function for this 3-type survival data. We then study their rates of convergence. The
parametric estimator is based on both full and partial likelihoods. We provide condition
under which the parametric estimator is a linear asymptotic normal (LAN) estimator and
converges to a normal distribution in a root-n rate. The nonparametric estimator is based
on nonparametric kernel estimators for density functions and on a novel estimator of the
cumulative probability function that has some similarities to the Nelson—Aalen estimator

(e.g., Klein and Moeschberger, 2013, Chapter 4). We show that, under some regularity
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conditions, the nonparametric estimator point-wise converges to the normal distribution.

We perform a simulation study and compare the proposed parametric and nonparamet-
ric estimators. For the parametric model, we study both correct and misspecified models
and show the different corresponding results. We show how the accuracy changes with
sample size. We then carry out a case study that is based on data of patients waiting for
treatment in an ED, in the U.S. in 2008. We analyzed separately different severity levels
(15106 observations in the emergency group, 43600 in the urgent group, and 26541 in the
semi-urgent group). We conclude with a comparison of the parametric and nonparametric

estimators for the three different severity levels of this dataset.

2. Brief Literature Review. Developing screening methods for medical conditions,
such as breast and melanoma cancers, has a long history (Wilson et al., 1968; Zelen and
Feinleib, 1969). In the classical setting, the medical condition either already exists at the
time of screening and is thus left-censored, or does not exist, and is thus right-censored.
The setting in which self-detection is possible, and thus the condition time is observed, has
been surprisingly mostly ignored in the literature. For example, Minn et al. (2001) treat
both self-detection times and screening times as event times, ignoring the censoring. The
closest model to the one that we present here appears in Whitehead (1989). It is assumed
there that the condition can be detected at screening or before screening due to symptoms.
In both cases, the condition already exists at the time of detection. It is also assumed that
screenings take place at a sequence of fixed time points. Whitehead (1989) recommends
to ignore the extra knowledge gained due to self-reporting and to replace these times with
the time of the next screening. The survival function is then estimated only at the discrete
fixed screening times using standard techniques (Prentice and Gloeckler, 1978).

There has been considerable research effort, dedicated to modeling and analysis of
customer (im)patience while waiting for service. Here we describe several papers that,
together with references therein, provide what is required for a historical background
and state-of-art perspective. First, we recommend the literature review (Section 3) in
the recent Batt and Terwiesch (2015), accompanied by Gans et al. (2003): these survey
patience-research from an operational/queueing view point (mainly Section 6.3.3 in the
latter), while connecting it to the medical literature on patients who are left without being

seen (LWBS) (mainly Section 3 in the former); see also Aksin et al. (2007) who, relative to
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Gans et al. (2003), expand on managerial challenges. Next we mention Mandelbaum and
Zeltyn (2013), which is an Explanatory Data Analysis of (im)patience in telephone call
centers (that appears in a special issue that is devoted to models of queues abandonment).
Finally, and the most related to the present study, are the following two studies. Brown
et al. (2005) applies, in Section 5, the Kaplan—Meier estimator (Kaplan and Meier, 1958)
to estimate the survival functions and consequently hazard rates, of both virtual waiting
time and impatience; the data is that of a call center, in which times of abandonment
are all recorded hence the data is right-censored. Then Wiler et al. (2013), which is also
the source of our present ED data case study, estimate LWBS rates as a function of ED
patient arrival rates, treatment times, and ED boarding times. There was no attempt in
that work to estimate the patience-time distribution.

We conclude this brief survey with the observation that the estimation of customer
(im)patience is relevant beyond screening, call centers, and EDs. For example, Nah (2004)
studies tolerance of Web users (during information retrieval). Yom-Tov et al. (2018) ana-
lyzes chat services, in which customers abandon at any phase during chat-exchanges with
a service center: one expects that such services give rise to the same options as in EDs:
some customers receive service, others abandon without letting anyone know, and the rest

announce their abandonment time.

3. The Model. In the standard setting of right-censored data one observes, for each
patient, either the failure time or the censoring time. In terms of our motivating example,
failure time is patience time while censoring time is the waiting time. Patience time is
observed when patients leave the ED while informing the system of their departure; waiting
time is observed when a patient is called for service. However, unlike in standard right-
censored data and like in current status data, there are also patients who leave without
informing; in this case their absence is observed only when they are called for service,
and this latter time provides an upper bound for their patience time. In other words, the
(virtual) waiting time is observed, and the only information on patience time is that it is
less than this observed waiting time. Hence, in this case, the patience time is left-censored.

More formally, let T' be the patient’s failure time, i.e., the time until the patient loses
patience. Let W be the censoring time, i.e., the waiting time until the patient gets (or

could have gotten) service. We assume that 7" has a cumulative distribution function (cdf)
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F and a probability density function (pdf) f, and that W has cdf G and pdf g. Let A be
the indicator A = 1{T" < W}; i.e., A = 1 if the patient loses patience before being called
to service, and A = 0 otherwise.

Let Y be the indicator that is 1 for a patient who leaves and informs when leaving, and
0 otherwise. Denote by ¢(t) the conditional probability that a patient reports leaving given
that the waiting time equals to ¢. In other words, ¢(t) = pr(Y = 1| T = t). We assume that
the waiting time W and the patience time T' are independent. This assumption, which is
common in the right-censored data literature (see, Klein and Moeschberger, 2013, Chapter
3, pages 65-66), seems appropriate in our case study, as we stratify by acuity levels. We also
assume that announcement indicator Y is independent of the waiting time W, as it seems
reasonable that the decision of a patient to report when leaving does not depend on the
waiting time. Summarizing, we assume that the pair (Y, T) is independent of the waiting
time W. When this assumption does not hold, different theoretical tools are needed for a
valid estimation.

Let U be the recorded time: U = YT + (1 — Y)W. The observed data consist of the

triplets (U;, i, A), i = 1,...,n, and there are three categories of patients:

C = 1: The patient gets service, hence the waiting time is observed, which serves as a
lower bound on the patience time; thus the patience time is right censored. Formally,
A=0,Y=0,and U =W.

C = 2: The patient leaves without being treated and reports departure. The patience time
is thus revealed: Y =1, A=1,and U =1T.

C = 3: The patient leaves without reporting, hence virtual waiting time (the time that the
patient would have waited had he stayed in the ED) is observed, which provides an
upper bound for the patience time, thus the patience time is left-censored. Formally,

Y=0,A=1,and U =W.

LEMMA 1.  The following equalities hold:

i) pr(U <t,C=1)= [} g(w)F(w)dw.
it) pr(U <t,C=2) = fot q(w) f(w)G(w)dw.

iii) pr(U <t,C=3) = [ g(w) [3" {1 — q(z)} f(x)dzdw.

Here, F(t) =1 — F(t) and G(t) = 1 — G(t) are the survival functions of the patience
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time and the waiting time, respectively.
See the proof in A.1.

For i = 1, 2,3, we introduce the following sub-stochastic density functions
d )
(1) hi(t) == ﬁpr(U <t,C=1).
From Lemma 1 above, we deduce that
o o t
hi(t) = g@)F(t),  ha(t) = q@O)F(O)G(E),  hs(t) = g(t)/ {1 —q(x)} f(z)dz.
0

Define

hy(t)
pr(W <T)

ha(t)
pr(Y =1, W >T)’

hs(t)
pr(Y =0,W >T)

2) n@)= ra(t)

r3 (t)

Then 7; is the density function of the observed time U given C = i. Our model assumes
that all denominators are positive.

To summarise what is known and what is to be estimated, there are two unknown
distributions in our setting, G and F', and we aim to estimate them using both parametric
and nonparametric techniques. For each patient, the waiting time is either observed or
right censored. If the patient reports and then leaves, the waiting time is longer than the
observed patience time. Hence, the waiting time is right-censored. Therefore, parametric
and nonparametric estimation for the distribution of waiting time W can be done by
standard techniques for right-censored data. However, estimation of the distribution of

patience time T, is more complicated and is discussed in Sections 4 and 5.

4. Parametric estimation. Assume now that the distributions of both the patience
time and the waiting time belong to some parametric families. More formally, let F =
{f(:;0),0 € ©} where © C R%, G = {g(-;7),y € I'} where I' C RP. We assume that the
density of the patience time can be written as f(t;6p) € F. We also assume that the density
of the waiting time can be written as g(t;y0) € G. Write hy(¢;0,7) = g(t;v)F(t;0), and
similarly ho(t;0,7) = q(t) f(t;0)G(t;7) and hs(t;0,v) = g(t;y) fy {1 — q(x)} f(z;0)da.

The likelihood of the observed data D = {(U;,Y;, A;),i = 1,...,n} can be written in
terms of the functions hi, hs, and hs, as follows:

n
L(D;0,7) = [ [ 1 (Ui;0,9)} =2 {ha (Ui 6,7)} 2 {ha(Ui; 6,7)} 2077,

i=1
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Using the explicit representations of hy, hg, hs, we obtain that L(D;#,~) is given by

n

[T ({90 ) F(W:0)} =2 {a(U3) £ (U35 0)G (Ui 7) }
- U; A;(1-Y)

<o) [0 ato) stsi0pas
The value of v that maximizes this likelihood is independent of #. Therefore, a maximum
likelihood estimator (MLE) 7, to 79 can be constructed from this likelihood. However,
maximizing the likelihood with respect to 6 is difficult. Even if -y is given or estimated, the

maximizer of § depends on the unknown function ¢(t). Therefore, we consider the partial

likelihood Lypgytiar(D;0;7) of category C =1,

- (Ui;W)F( ) L1,
H { Jo~ g(s:7)F(s; O)ds} ‘

The value of # that maximizes this partial likelihood depends on ~. We plug the MLE 7,

into this partial likelihood. In Theorem 1 below we show that, under standard regularity
conditions, the maximizer é\n of Lpartial(D; 0;7y) is a consistent and asymptotically normal
estimator for 6.

We need the following assumptions:

(A1) The derivative a%f(t; f) is continuous in t for each # € O, a%g(t; 7) is continuous in
t for each vy € T'.
(A2) For all § € ©, argmax,cr L(D;0,7) is unique, hence denote
7(0) = argmax,er L(D; 6,7). It is assumed as well that for each 6 € ©, L {D;0,7(0)} =
0.
(A3) For all v € I', argmaxgece Lpartiai(D; 6,7) is unique, hence denote

é\(fy) = argmaxgco Lpartiat(D;6,7). It is assumed as well that for each v € T,

%me‘tial {Da 0(7)7 FY} =0.

THEOREM 1. Let 7, be the maximizer of L(D;0;~) and let 0., be the mazimizer of

Lpartial(D;0;7,). Then, as n — oo,

i) An — Yo in probability.
i) /n (Y —v0) = N (0,V,,) in distribution.
i11) b, — 0o in probability.
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i) \/n <§n - Ho> — N (0,S0,1,) in distribution.

Here Vy,, Sg,,70 are covariance matrices as defined in Appendiz A.1.
The proof appears in Appendix A.1.

ExXAMPLE 1. Assume that T follows an exponential distribution with rate 0 and W

follows an exponential distribution with rate v. Then

~ n— E?:lAiYVi

e X Ui
G, = Zal-A) o ZL(-A)  on- DAY
E?ZlUi(l — Ai) E?ZIUZ-(I - AZ-) E?:1Uz‘

The details of the computation appears in Appendix A.5

5. Nonparametric estimation. In this section we propose nonparametric estima-
tors for the survival function of the patience time F' and study its theoretical properties.
For simplicity, we restrict the estimation to an interval [0, 7] for some 7 > 0, such that the
probability of W and T being larger than 7 is positive. This is a standard condition in sur-
vival estimation (see Kosorok, 2008, Chapter 4.2). Note that for observations of Categories
1 and 3, the waiting-time is observed. For Category 2, only a lower bound of the waiting
time is observed. Hence, the waiting time is either observed or right-censored. Therefore,
estimating the waiting time distribution can be done by using standard survival analy-
sis estimators such as the Kaplan-Meyer estimator (see Klein and Moeschberger, 2013,
Chapter 4). On the other hand, estimating the distribution of the patience time is more
challenging since we cannot distinguish between the density function f and the unknown
function g. Our goal is thus to estimate the distribution of the patience time F'.

Assume that over all positive numbers, the waiting time density function g is strictly
positive. Recall that hi(t) = g(t)F(t), hs(t) = g(t) fot {1 —q(s)} f(s)ds, where the func-
tions hy, h3 are defined as in (1). Therefore,

M) _ F(t)
ha(t)  F(t) — fy a(s)f(s)ds

3)

which is well defined as g(t) > 0. Reordering the terms in (3), we get that

{F(t) —/0 q(s)f(s)ds} Z;g; - P,
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Hence,

 hs(t) + ha(t) [y a(s)f(s)ds
F® = hs(t) +0h1(75)

From the definitions in (2), it follows that

Cpr(Y =0,T < W)rs(t) +pr(W < T)ri(t) [y a(s)f(s)ds
- pr(Y =0,T < W)rs(t) +pr(W < T)r(t) '

(4) F(t)
Therefore, we propose to estimate F'(t) by estimating the following terms:

(i) pr(W <T) and pr(Y =0,T < W),

(ii) r1(¢) and r3(t),

(i) A(t) = [y a(s)f(s)ds.

Estimating the expression in (i) can be done by the empirical estimators: pr(T < W) =
nIY (1= Ay), pr(Y =0,W < T) =n"'3" A;(1 —Y;). These estimators converge, by
the central limit theorem (CLT), to pr(W < T) and pr(Y = 0,T < W), respectively, at
the rate of n'/2.

Since r1 and rs are density functions, they can be estimated using a kernel estimator
(Tsybakov, 2008, Chapter 1.2). Let 71 and 73 be kernel estimators of 1 and r3, respectively.
Assume that both 1 and r3 belong to a Sobolev function class of order . Then for each
t > 0, both 71(t) and 73(t) converge at a rate of n/(2#*1) (see Tsybakov, 2008, Chapter
1.7, for both the definition of a Sobolev class and the proof).

We now turn to estimate the term A(t) = fg q(s)f(s)ds. A nonparametric estimator

that we created for this term is defined and proven to be consistent in the following lemma.

LEMMA 2. Let

R 1 n =R 1 n
Na(t) = EZYZAil{Ui <t} Yut)==-> U >t}
=1

i=1

3

Define lA)n(t) = fot dg’é‘;). Then ﬁ(t) =1—exp {—ﬁn(t)} converges pointwise to A(t), at

1/2

a rate of n'’%, for every t € [0, 7].

The proof is given in Appendix A.3.

By plugging in the estimators

prY =0,W < T), pr(T < W), 73(t), 71(t), A(t),
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to the equation in (4), we get that

S (Y = 0,W < T)73(t) + pr(T < W)FL(£) A(t)
5) Bl = S = 0. < D) + 5T < WA (D)

is an estimator of F'(t).

THEOREM 2. The estimator E,(t) converges pointwise to F(t) at a rate of nP/(2F+1),

for every t € [0, 7].

The proof appears in Appendix A.4. Since that F is based on density estimation, it is
not necessarily monotonic, we therefore replace it with a monotonic approximation. The

monotonic approximation is by taking the cumulative sup.

6. Simulations. We study the performance of both the parametric and nonparamet-
ric estimators that were proposed in Sections 4 and 5, respectively. Based on the setting
of the case study discussed in Section 7, we consider two simulation settings. In the case
study, both the exponential and Weibull distributions seem to fit well the waiting time
and patience time distributions, respectively.

The case study data also indicated that the mean of the waiting time W is smaller than
the patience time T'. Thus, the two simulation settings consist of samples from exponential
and Weibull distributions in which the waiting time has a smaller mean then the patience
time mean. In the first setting, a sample was taken from the model in which the patience
time 7" follows an exponential distribution with rate 4 (or scale 1), and the waiting time
W follows an exponential distribution with rate 10 (or scale 1—10) In the second setting a
sample was taken from a model in which the patience time 7" follows a Weibull distribution
with scale i and shape 2, and the waiting time W follows an exponential distribution with
rate 10. In both settings, the unknown probability of announcement is ¢(t) = exp(—12t).
Taking the probability of announcement to be the increasing function ¢(t) = 1 —exp(—12t)
or the constant function ¢(t) = 0.5 yields similar results which are omitted. Moreover, we
experimented with additional numerical values. The behavior and conclusions, as reported
here, remain consistent across these experiments.

In each setting, we calculated the parametric estimator for the scale of T for five dif-
ferent sample sizes (N = 100, 200, 500, 1000, 2000). For each sample size, we repeated the

simulation 100 times. When using the parametric method, it was assumed that both T
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and W follow an exponential distribution with unknown parameters. Note that this as-
sumption holds for the first setting but does not hold for the second one. In other words,
the second setting is carried out under a misspecified model. The results are shown in
Figure 1.

We compare %n, the estimator of the survival function of T', to the true survival func-
tion Fy. For the parametric estimation, %n(t) = exp(—0t), while for the nonparametric
estimator %n(t) is given by (5). The comparison is done using mean square error (MSE),
which is defined by

~ _ 0~ _ 2
MSEF,Fo = [ {Fuo-Fow} neo.
where fj is the density of T'. The parametric and nonparametric survival function estima-
tors are demonstrated in Figures 2 and 3. Figure 2 represents the results of the first setting
in which T follows an exponential distribution with rate 4 and W follows an exponential
distribution with rate 10. Figure 3 represents the results of the second setting in which
T follows a Weibull distribution with scale % and shape 2, and W follows an exponential
distribution with rate 10. Summaries of the MSE are given in Table 1. Not surprisingly,
for Setting 1, since the parametric model is correct, the MSE is smaller for the paramet-
ric estimator. Similarly, since in Setting 2 the parametric model is incorrect, the MSE is

smaller for the nonparametric estimator.

7. Case study. Retrospective data were collected from all patient presentations to
triage at an urban, academic, adult-only emergency department (ED) with visits in calen-
dar year 2008. This data was used for the analysis in Wiler et al. (2013). The data consist
of the waiting time of patients arriving at emergency rooms. One of the categories defined
in this data is acuity. Since our model assumes that all patients follow the same distribu-
tion, we calculated the estimators for each level of acuity separately. We focused on the
following three levels of acuity: emergency, urgent, and semi-urgent. The emergency level
consist of 15106 patients, the urgent level consist of 43600 patients, and the semi-urgent
level consist of 26541 patients.

The data consists of the triple variables (U;, A;,Y;) described in Section 3. At each
acuity level, an observation is categorized to one of the three possible categories.

Parametric and nonparametric estimators for the survival of each acuity level were
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calculated. The results of these estimators are given in Figures 4 and 5. As can be seen
in Figure 4, the nonparametric estimators of the patience time are stochastically ordered
by levels of acuity. In other words, patients at the severe acuity level are less probable to
lose patience than patients at the urgent level, who in turn are less prone to lose patience
than patients at the semi-urgent level. The results for the parametric estimator seem
unreasonable since one would expect that patients with more severe acuity level are more

likely to lose patience, and lose it faster.

8. Discussion. In this paper, we consider survival data that combine observed, right-
censored, and left-censored data. The setting we analyzed was that of patients who wait
for treatment in an emergency department, where some patients may leave without being
seen. We proposed both parametric and nonparametric estimators for the distribution of
the patience time. Using simulation, we showed that when the parametric model holds,
the parametric estimator estimates the patience time well. However, when the model
is misspecified, the nonparametric estimator behaved better. In our case study, we also
observed that the nonparametric estimator performed better.

So far, no baseline covariates were given. Novel parametric and nonparametric estima-

tors are needed for addressing settings that include baseline covariates.
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APPENDIX A: PROOFS
A.1. Proof of Lemma 1.
pr(U<t,C=1)=pr(U<t,W <T)
=pr(W <t,W <T)
t
:/ pr(W <T|W = s)g(s)ds
0

- /0 pr(s < T)g(s)ds

t
- /0 o(s)F(s)ds,
40



where in the fourth equality we use the independence between W and (Y, T).

This establishes i). For ii), we have

pr(U<t,C=2)=pr(U<t,Y=1,T<W)
—r(T<t,Y =1,T <W)
:/tpr(s <W Y =1,T = s)q(s)f(s)ds
0
t
= [ orts < Wiat) s

- /O a(5)F ()G (5)ds,

where in the fourth equality we use the independence between W and (Y, T).

Finally, for iii),
PU<t,C=3)=pr(U<tY =0T <W)
=pr(W <t,Y =0,T <W)
:/tpr(Y =0,T<s | W = S)Q(S)ds
0
:/tg(s)pr(Y =0,T < s)ds
ot .
_/ g(s)/ pr(Y =0|T = z)f(z)drds
0 0
t s
:/ g(s)/ (1 g(2)} f(x)dxds,
0 0

where in the fourth equality we use the independence between W and (Y, T).

A.2. Proof of Theorem 1. The log of the full likelihood is

n

(D;60,7) =Y

=1

+ A;Y; (log q(U;) + log f(U;; 0) + log G(Us; 7))

(1—Ay) (log g(Us; ) + log F(Uy; 9))

U;
LAY {1ogg<m-; D +og [ - a((s e>ds} } |
Given the data D,

(6)

%I(D; 0,7) =P, {my(U,AY) 4+ c(UAY;0)} = Z {m (U, A, Y5) + c(Us, A, Y550) }
i=1

S

4

—_



where m., : RT x {0,1}? — R is defined by

my(u,6,y) = (1 — 8)log g(u;y) + Aylog G(u;v) + 6(1 — y) log g(u; ).
and

c(u, d,1;0) =(1 — 8) log F(u; 0)

+ 6y (log () + log £(u; 0)) + 5(1 — ) log /0 1= q()) f(s:0)ds

From assumption A1 we obtain that, for each § € ©, arg maxer I(D;~,0) = arg maxer P, (m-).
The 7 that maximizes L(D;#, ) does not depend on the value of # or the function p. De-

fine M, (y) = P,my and M(y) = Pm.,.If, for a general function h, Ph = [ h(z)dP(z) and
P,h=n"1t3" | h(X;) then by Assumptions A1-A3, Theorem 5.7 in van der Vaart (2000)

can be applied. Therefore 7,, — 70, in probability, which concludes the proof of i).

Given the data D, the term %;9’7)

is a function of v and does not depend on the

unknown function p. We also have

1 9U(D; 6, )
ET =Py, (U,AY) ;ww Ui, A, Y),
where 1, : RT x {0,1}2 — R is defined as
o) loiral 2]
5y 9(w) 5G(u;y) 579 (u;7)
u, 0, 1-46)2 — a8 +0(1 —y) L.
Sl = Oy T G T g

By Assumptions (A1)—(A3), v, satisfies the conditions of Theorem 5.41 in van der Vaart
(2000) and, therefore,

n

LS (U A Vi) + 0p(1),

L _ _(pj Y11
\/ﬁ('}’n Y0) (P%o) NG £

where ¢, (z) = 6%1%(:6) Hence 4, is a linear asymptotically normal (LAN) estimator with
influence function ¢ = —(Pi,)"'4h,, . From all of the above we get that ii) is proved

with V'YO (P¢Vo) 1P¢’Yow'yo (P'(/)’Yo)

To prove iii), note that due to the term log fOUi (1 —q(s))f(s;0)ds that appears in I(D; 0, v),

% depends on the unknown function p. We therefore consider a partial

the term
likelihood function such that its derivate with respect to # does not depend on p. The

partial likelihood that satisfies this request is the partial likelihood of C = 1:

- Ui; ) (Ui§0) 1-A,;
E{fo (s;7)F(s; H)ds}
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The log of the partial likelihood is

n

lpartial(D;0,7) = > (1= A;) {log 9(Ui; ) +log F(Ui; 0) — log/ g(ssv)F(8;9)d8} -
i=1 0

Given the data D, the term lpu1iqi(D;60,7) is a function only of the parameters 6 and +.
We also have
1
~lparitat(D; 0,7) = Pur 1 (U, A,Y) Zlm Ui, Ay, Y;),
1=

where 79, : RT x {0,1}? — R is given by

ro~,(U,AY)=(1-A4) {log g(U;v) +1og F(U;6) — log /000 g(s;7)F(s; H)ds} .

Define M,(0,v) = Pyre, and M(6,v) = Pry,. Then, Theorem 5.7 in van der Vaart
(2000) can be applied. Therefore (@\nﬁn) — (00,70) in probability, and in particular
@\n — 6 in probability, and iii) is proven.

In order to prove iv), note that

l alpartial (D; 97 7)
n oy

- ngbﬁv(U A Y Z‘b@,v UMAZ’)/Z)
i=1

where ¢y, : RT x {0,1}> — R is defined as

Fui0) &[5 9(si7)F(s; 9>ds}
0 J (s F(s:0)ds [

Using Assumptions A1-A3, together from Theorem 5.41 in van der Vaart (2000), we

¢9,'y(u7 67 y) = (1 ) { (

obtain that
Vit =) IZ{ (Pihny) ™ 460 (Ui A3y Vi) | + 0 (1).

Define ®,,(0,v) = Pr¢p, and note that ®(6y,v0) = Py, -, = 0 (since under the true

parameters Pog, ~, = % f dhy = %1 = 0, where dhg is the true distribution of category

1).
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By Talyor’s theorem,

~ d T o T _
0 = @ (0n, V) = Pn(fo,70) + {ae‘ﬁn(@oﬁo)} (6n, —00) + {&b@’n(@oﬁo)} (Y —0) +0p (n 1/2>

0 = Vi 0o, 70) + { o n0) b Vi (32— 0) + { Lt )} VG 20} ol
= v/n®,(00,70) + {gg‘bnwo,’m)}ip Vvn (é\n - 90)

T
_ {gy%((?oﬁo)} (Pin) ™ WZ%‘) Us, Ai, Vi) 4 0p(1)

n a T )
= \/17771 Z |:¢90’70(Ui’Ai’Y2) - {&Y@H(QO)’YO)} (qu’YO)il'(/)’YO(Ui»Ah}/;)
i=1

) T
+ {89 (90,70)} \/’E(Qn — ) —|—Op(1).
Elementary arithmetic leads to

Vit (B = 00) = = (BE") ™ = 37 {60000 (Ui A0, Y1) = BT (Pub) ™Mby (Ui A, Yi) } 4 0(1),

1

.
I

%\H
1-

where B = a»y ®(09,70), and E = %@(90,70). Hence, @n is a LAN estimator with the

influence function

-1 1 s
Y= (EET) % {¢907’Yo - BT(P@ZJ“/()) lw’yo} .
Summarizing,
\/ﬁ(é\n —0p) — N(0, Sp, ~,) in distribution, where Sp, ., = Ppp’, hence, iv) is proven.

A.3. Proof of Lemma 2.

PROOF. We use similar arguments to those in the proof of the convergence of the
Nelson—Aalen estimator to a cumulative hazard function (see Kosorok, 2008, page 240).

Hence we have that

n — N
N2 S S
V(t) - Yt

where N(t) =pr(Y =1,T <W,T <t) and Y(t)=pr(U >1).

Since, by Section 3,

{U>t}={Y =0,W>t}U{Y =1, W >t,T > t}.
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Hence,

pr(U>t)=pr(Y =0,W >t)+pr(Y =1, W >¢,T > t)
=pr(W>t){pr(Y =0)+pr(Y =1,T > 1)}
=pr(W >t)(pr(Y =0)+pr(Y =1) —pr(Y =1,T < t))

=pr(W>t){l—pr(Y =1,T <t)}

where in the second equality we use the independence between W and (Y, T).

By Lemma 1

pr(Y = LT <W,T<¢) = /0 4(3) /()T (s)ds

Using the continuity of the derivative operator and of the integral operator, we get that

(S)G( )
_>/ G(s {1—f0 x)f(x) ds}d

in probability.

Note that

/G {1—Q(S)( d:c} /{1— Q(Si dx}

_/0 aslog{l—/o q(x)f(x)da:}d:;:—log{l—/otq(s)f(s)ds}.

Hence, by the delta method (see Kosorok, 2008, Chapter 12.2.2.2), we get that

D)+ —og {1 - [ a1}

in probability, with convergence at rate n'/2.

Since y = —log (1 —z) & 2 =1—exp(—y) and by the continuous mapping theorem

(see Kosorok, 2008, Theorem 7.7), we get that A(t) = 1 — exp(—Dy(t)) is an estimator of

fo q(s)f(s)ds, at the rate of n'/? as desired. O

A.4. Proof of Theorem 2. For the proof of Theorem 2, we need the following

lemma, which is elementary hence stated without proof.
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LEMMA 3. Let (an)5ly, (bn))ney be positive sequences. If Xn — X = Op(an) and

Y, =Y =0,(bn), as well as P(|X| > 1) =1 for some ! > 0. Then we have:

7’) Xn + Yn - (X + Y) = Op(a” Vv bn)’

iii) 5= — % = Op(an).

PrROOF OF THEOREM 2. Recall that

_ (Y =0, W < T)Rs(t) + (T < W) (HAQ)

B = v =0, W < D) + AT < Wn ()

is an estimator of F'(t).

For all t > 0,

(Y =0,W <T)—pr(Y =0,W <T) = 0p(n~"?),
and
(T <W)—pr(T <W) =0,(n""?),

as both are empirical distribution estimators. By Chapter 1.7 of Tsybakov (2008),
for all ¢ > 0, 7;(t) — r;(t) = Op(n=?/8+D) for j = 1,3. By Lemma 2, A(t) — A(t) =
Op(n’l/Q).

By Lemma 3.ii)
pr(Y =0,W < T)73(t) — pr(Y = 0,W < T)73(t) = Op(n~ P/ 5+,
and
(T < WFL()A(t) — pr(T < W)FL(E)A(t) = Op(n~ 0/ 28+
Therefore, by Lemma 3.i),

pr(Y =0,W < T)r3(t) + pr(T < W)?l(t);l\(t) —pr(Y =0,W < T)rs(t) —pr(T < W)ri(t)A(t)

_ Op(n*ﬂ/(%”rl)) )
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Similarly,

pr(Y =0,W <T)r3(t) + pr(T < W)ri(t) —pr(Y =0,W < T)r3(t) — pr(T < W)ry(t)

— 0, (n~B/0+D),

By Lemma 3.iii),

1 1
(Y = 0,W < T)ia(t) + pr (T < W)r () pr(Y =0, W < T)rs(t) + pr(T < W) (t)

— 0,(n~P/C5D),

By Lemma 3.i) again,

pr(Y =0,W < T)73(t) + pir(T < W)FL(t)A(t) pr(Y =0,W <T)rs(t) + pr(T < W)ri(t)A(t)
pr(Y =0,W <T)r3(t) + pr(T < W)ri(t) pr(Y =0,W < T)rs(t) + pr(T < W)ry(t)

— 0, (n-#/C51D),

In other words, Fy, (t)—F(t) = 0,(n=P/8+1)) "which complete the proof of Theorem 2. [

A.5. Details on Example 1. Assuming that T follows an exponential distribution

with rate § and W follows an exponential distribution with rate gamma then the likelihood

L(D;0,~) is

H ( {yexp (—U;) exp (—0U;) } 124 {q(U;)0 exp (—0U;) exp (—Uy) } &%
i=1 N

U;
X ['YGXP('YUi) ; {1 —q(s)} Oexp (—0s)

Hence,
log L(D;0,~)

Z logfy 'yU)—i—ZAY ’)/U) ZAi(l—Yi)(log’y—’in)+C(U17U2a---7Un§9)

i—1 1 i=1
n = '
=(n— Z A;Y;) logy — yz U, + C(Uy,Us,...,Uy; 0).
i=1 i=1

Therefore,

AlogL(D;6,y) _n—30 AY; i U,
8’}/ N 2 iy



and hence, the value of v which maximize L(D;0,7) is 7, = %
The partial likelihood Lygtiar(D; 6;7) of category C =1,

11 { v exp (—U;) exp (—0U3) }Mi:ﬁ { 03“"(‘?;21123@}”

21U JoT vexp (—ys) exp (—0s)ds S Lo vexp (
n exp (=U;(v+ 6 AL - _
= [ e CGO D R Ty 4 0) exp (~Ui(y + B2
i=1 v+0 i=1
Hence,
10g Lyartiat(D; 0;7) = Z(l — Ay) (log (v +60) = Us(y + 0)) .-
Therefore,
alOngartial(D;ev’Y) _ S . 1

=1 T +0

The parametric estimator for 0 is the maximizer of Lyq,tia(D;6,7,) by 6 which is

- Z?:l Ui(l — Az) = Z?:l Ui(l - Az) Z?:l Ui
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Setting 1 Setting 2
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N

F1G 1. Parametric estimation. Setting 1:The patience time T follows an exponential distribution with rate 4
(scale i) and the waiting time W follows and exponential distribution with rate 10, the parametric estimator
converges to the true scale %. Setting 2:The patience time T follows a Weibull distribution with scale i and
shape 2 while the waiting time W follows an exponential distribution with rate 10, the parametric estimator

does not converge to the true scale %.

Setting 1 Setting 2
Parametric Nonparametric Parametric Nonparametric
N mean median sd mean median sd mean median sd mean median  sd
100 6.23 2.79 8.2 12.4 11.02 6.4 23.24 18.44 11.61 13.86 11.59  9.66
200 3.29 1.32 4.94  8.07 7.04 4.4 19.07 15.67 7.87 8.69 7.17 6.43
500 1.31 0.77 1.57 4.5 4.07 1.97 16.53 15.01 4.09 3.72 3.16 2.15
1000 0.72 0.25 0.99 3.24 3.05 1.49 15.38 14.16 3.68 2.14 1.88 1.18
2000 0.36 0.16 0.53 2.29 2.09 1.07 14.8 14.18 1.98 1.55 1.43 0.83

TABLE 1. MSE for Settings 1 and 2. The table summarizes the MSE that was calculated (100 times) for
each of the sample sizes. For Setting 1, the patience time T follows an exponential distribution with rate 4
and the waiting time W follows an exponential distribution with rate 4. In Setting 2 the patience time T
follows a Weibull distribution with scale i and shape 2, while the waiting time W follows an exponential
distribution with rate 10. As can be seen the nonparametric estimator responded with a lower MSE.
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FiG 2. Setting 1. The blue, red, and black curves represent the nonparametric, parametric, and true survival
functions, respectively, for N = 100,200,500 and 1000.
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FiG 3. Second setting. The blue, red, and black curves represent the nonparametric, parametric, and true
survival functions, respectively.
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Fic 4. Compression of the estimator for the survival function of the patience time at the three different
levels of severity.

52



Emergency Urgent Semi-Urgent

1.0-
c
2009-
e Method
S
w 0.8~ —— Nonparametric
®©
% — Parametric
S
(0p]

0 200 400 0 200 400 O 200 400
Time (in minutes)

FiGc 5. Compression of the nonparametric and parametric estimators for the survival of the patience time
by different levels of acuity.
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4. Discussion

The main question posed in this dissertation was how to overcome the difficulties and to
analyze well complicated dataset structures. The estimation methods that were proposed
include parametric and nonparametric approaches. The main question posed in this
dissertation is how to analyze complicated dataset structures. The estimation methods
included parametric and nonparametric estimators and are relevant to very wide settings.

Chapter 2 dealt with the challenge of estimating the test error. The test error is a
functional of the data set and is defined as the probability of the classifier’s misclassifica-
tion. Due to its structure, it is difficult to construct a high quality point estimator for the
test error. Instead of a point estimator, we proposed Cls for the test error. We proposed
two construction methods—mnaive Cls and adaptive ClIs. Each of these constructions was
applied by both normal approximation and empirical bootstrap methods. Using simula-
tion and analysis, we showed that the naive Cls are conservative and longer compared
to the adaptive ClIs. We also saw that there was no major difference between the Cls
that were constructed by the normal approximation or the empirical bootstrap methods.
The challenge of constructing these ClIs has led to various theoretical perceptions about
the convergence of empirical processes that are indexed by a class of RKHS functions.
These theoretical perceptions can be used in future research. Future research directions
include inference on more general functionals of the classifier, such as the probability of
misclassification over a subset of the sample space.

In Chapter 3, we considered incomplete data that involves survival analysis, which has
observed, right-censored, and left-censored data. Despite the fact that the data are not
complete in this setting, we proposed parametric and nonparametric estimators. Using a
simulation study, we showed that for a specified probabilistic structure, the parametric
estimator holds and estimates well the patience time. When the model is misspecified,
the nonparametric estimator behaves better. In the case study, we also observed that the
nonparametric estimator performed better. Future research will address developing novel

parametric and nonparametric estimators that can handle baseline covariates.

54



b))

D'"72{7NN 201N N12N QY 02N *ToN .J2101 'U0'uVo NIN' 0'DXA 01N “TON N2IN NRNNNKN DY
NIX NI7DN 'R NIFDXNN A 770 WWKXD IR NI'D TINA NININ [N DININ NIA79NN [I'9X 7V NININN TWRD
2V 7NN 72y n'0oruvo NNIR'M NNS7 X' NNVAN N7XD DNPNA .NNA7 D'YN DR MK 2170 YTNn
7n'09IX '00'VVO NINIYT a7 NPRN D YN

['N2 .'00'VVO DN |I'M 7Y 7T XIN DN NIATONN I'OX 72V NP7 TINA NININ W' AW 7TINY nNarT
N'N T 7T NN0NN LRI RID TN NNWNAN 17'R]TAN 21 KID 10NN NINYNAN '00'000 DM
72 DNIX DDYN WN TR NYTN NNR0N N'OXN 'Y NMYONAY DY NI ['ANN [N X"
TAN ARAYN [N2N L7W ARWN NN T Y 770 0T DTN Pnn DnYyn DTN .20mn Mnwnn
NN ,DINT DY .['"MNAN 727U NNY¥NN 2'0 IX TTINN 21IWN TTA XN AXAYD [N2N )2'97 .1 |IMY NNanond
2¥7 17'9XW 7D 775 DD KIN D'UO'VLO DM [I'N 7TIN AW 20N KIN AXRAYN [N 1Y '00'VLO

NIN N'"2 NIYXAN NR'AYN [N2A 1Y '00'0V0 NN O'W'¥A NN ...7192 YIT 'K ["ANN 7¢ NI01dNNN
17'R1 N'ON' NVIYD NN 2'RIN 10N NN DAY .A'0OTRI 'Y N0 NN 7w DAI0 W DA X N0
1Y .0"M1'DNAXK DD 7Y NIIN'TA NRINY N1AN 2IYAY NYR ANK DIINN 2'09TRN JNoN NI Ny
NI795NN7 AN'P-0"1'ONK 07NN NWIT NIV MY N0 7V D11 D'Y'YN XY JN0N ‘NN 7w DAIoN
.M'ONK 9I00VA1 NN

TN VTN DX NI7DN 'R NIFDXNN N 770 QWK XIN 201N N1AN 121 01N Ton 0y 77N ¢ NKX A10
NITIYRN 7TM QY DTTINNA X ...192 . DIMYHN NN 7¢ 771N NI NRT NY9IN .NN17 0'¥N X NIX
A 770 NIMRALVR WIY? NiR7inn NroxnNn LM 1ThA 719'0% 0DNNN NINIRY? ON'NN AT 77N .'9'¥90
D'TIDNN N7X W' DNN720 NX D'TANNY [7X 2N 1IN NINAN Y12 M DNNR%20 NX DTANN 07910nN
TV NQYY ATN (WUN 7¢ 21Tn TIVA AT W IT NNIA0PZA 079101 1Y NN DX DYWL DN D DNy
N7Y |1’ .2 v INNTT X7 X NdIWNN DR WI017 10'7NNY 0Y79101 W' NMIYN NNIAVPA .0NN710 NYPOY
WNY [I'2v DON NIINN KINTTYINN 012'N7 INNIY TV NAYW ATh Jwnl 719'07 010'07 0'R171 DN L INNT
TV N2YY [ATN YN L,719'07 10101W 0791000 NX W' N'YIYN NNI0PA .DNNR720 NY79Y TY QYW [ATn
7Tmaw nNNY% .0n%Y N7200 NYRO TV MIVY [ATD WNY? INNN DON DIINA XN TVINN 719'07 7w
NAINT ...7192 W' ,NN7200 NYPO TV ATN |WN 7¢ 2 TIV'A 'R 07910001 701an X7 770 Ay nr
.0"7910NN 7Y NNN720N NY'P9 TV AT YN NIA79NN 7 NNUNIO9KRI NN NTNRY



v DNOYTN NN NNWYI IT NTIAY
210" 2Apy N109NS

A02T712 AR 1109N9I



207N NN O'2"M¥NN 011N *ToNA '00'VLO NIN'IA DMNANK

N'91017'97 NVPIT IXIN N7Aj DW7 AN
NN

qn ne' Mt

NN2VN NO'0NAMIND VX107 WaIN

9"wnn |[nun



	Acknowledgements
	Abstract
	Introduction
	The Motivation
	Confidence intervals for the test error
	Self-reporting and screening

	References
	Confidence intervals for the test error
	Self-reporting and screening
	Discussion

